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For a submonoid S of a torsion-free abelian-by-ﬁnite group, we describe the
height-one prime ideals of the semigroup algebra KS. As an application we inves-
tigate when such algebras are unique factorization rings.  2002 Elsevier Science (USA)
Let S be a submonoid of a group. In this paper we investigate when
prime semigroup algebras KS are unique factorization rings that satisfy
a polynomial identity. In the case S is a group, Chatters [4] showed that
this is the case precisely when S is a dihedral free group which satisﬁes the
ascending chain condition on cyclic subgroups. Chatters’ result is funda-
mentally based on an earlier result of Brown [2], who characterized group
algebras of polycyclic-by-ﬁnite groups that are unique factorization rings.
The mentioned results can be extended to arbitrary unique factorization
coefﬁcient rings (see [1]). In the case S is a commutative monoid, Gilmer
in [11] described when KS is a unique factorization domain. This paper
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is a continuation of [16] where we investigated when a semigroup alge-
bra KS is a Noetherian unique factorization ring for a submonoid S of
a torsion-free polycyclic-by-ﬁnite group. In this paper also our attention is
restricted to submonoids of torsion-free groups.
Recall that in the literature there are several generalizations to noncom-
mutative rings of the notion of a unique factorization ring from a commu-
tative algebra. Chatters and Jordan [7] (for Noetherian rings) and Chatters
et al. [6] (for arbitrary rings) deﬁne a prime ring R to be a unique factoriza-
tion ring (for short, UFR) if every prime ideal contains a prime element p;
that is, Rp = pR and Rp is a prime ideal. Abbasi et al. deﬁne a prime
Goldie ring R to be a UFR if R satisﬁes the ascending chain condition
on τ closed right and left ideals, and every v-closed prime ideal is gener-
ated by a prime element. In particular, R is a maximal order satisfying the
ascending chain condition on divisorial ideals. In case R satisﬁes a poly-
nomial identity, the latter are called central -Krull rings in [17]. If R is
a prime ring satisfying a polynomial identity then it follows from results
in [1, Proposition 1.5; 4, Lemma 2.2; and 17, Proposition 1.2] that all the
mentioned notions are the same (we simply call it a PI Krull order). In
particular, the divisorial prime ideals are precisely the height-one prime
ideals.
1. PRIME IDEALS IN SEMIGROUP ALGEBRAS
Let S be a cancellative monoid. In this section we investigate prime ideals
in prime semigroup algebras KS that satisfy a polynomial identity. It is
well known (see for example [21]) that such a monoid S has a group of
quotients G = S−1S = SS−1 and KG is also a prime ring satisfying a
polynomial identity. Hence G is a (torsion-free abelian)-by-ﬁnite group.
For α = ∑s∈S kss ∈ KS we denote by suppα the support of α, that is,
the ﬁnite set of elements s ∈ S so that the corresponding coefﬁcient ks = 0.
If G is also torsion-free then we can describe the height-one prime ideals.
We ﬁrst show that G is obtained by inverting central elements. The ﬁnite
conjugacy subgroup of G is denoted G, and the centre of a semigroup S
is denoted ZS.
Lemma 1.1. Let S be a submonoid of a torsion-free abelian-by-ﬁnite
group. Let G be the quotient group of S. Then G = SS−1 = SZS−1.
Proof. Note that S does not contain noncommutative free subsemi-
groups and thus, by Lemma 7.1 in [21], S has a two-sided group of quotients
G. Because of the assumption G is torsion-free abelian-by-ﬁnite. Hence for
a ﬁeld K, the group algebra KG and thus also the semigroup algebra
KS are prime PI algebras. Hence KS and KG have the same classical
120 jespers and wang
ring of quotients Q = QclKS, and Q is obtained from KS by inverting
the nonzero elements in the centre ZKS of KS. Consequently, for any
element g ∈ G, there exists a central element α ∈ ZKS such that gα ∈
KS. Hence we have gsupp α ⊆ S. Now, for any h ∈ G, hαh−1 = α.
Hence h suppαh−1 = suppα ⊆ S. Therefore ghxth−1 ∈ S for any h ∈ G,
x ∈ suppα, and positive integer t. Since G is abelian-by-ﬁnite, there exists
a power n so that xn ∈ S ∩G. Since xn has only ﬁnitely many conjugates
in G, say g1xng
−1
1      gmx
ng−1m , then z = g1xg−11 n · · · gmxg−1m n ∈ ZS.
Since gz = gg1xg−11 n · · · gmxg−1m n ∈ S, we obtain that g ∈ SZS−1.
Now let S be a submonoid of a torsion-free abelian-by-ﬁnite group and
let K be a ﬁeld. Of course the semigroup algebra KS has a natural S (and
SZS−1) gradation. We now prove that the homogeneous part of a prime
ideal in KS is again a prime ideal. This result is well known for rings
graded by torsion-free abelian groups and, more generally, for rings graded
by unique product groups [12]. In [15] it was proved for the semigroup
algebra of a submonoid of a torsion-free polycyclic-by-ﬁnite group which
satisﬁes the ascending chain condition on right (or left) ideals. The proof
of the following result is based on ideas used in [13–15].
Since the classical ring of quotients of the prime PI algebra KS is a
matrix ring MnD over a skew ﬁeld D, we consider S as a skew linear
semigroup. The latter have been studied extensively by Oknin´ski. For deﬁ-
nitions and needed results on this topic we refer the reader to [22].
Theorem 1.2. Let S be a submonoid of a torsion-free abelian-by-ﬁnite
group and let K be a ﬁeld. The following properties hold.
1. If P is a prime ideal of KS with P ∩ S = , then KS ∩ P is a
prime ideal in KS.
2. If Q is a prime ideal of S, then KQ is a prime ideal in KS.
3. The height-one prime ideals of KS intersecting S are of the
form KQ where Q is a minimal prime ideal of S.
Proof. (1) Let P be a prime ideal of KS with P ∩ S = . We will
show that KS/KS ∩ P is a prime ring; i.e., the contracted semigroup
algebra K0S/S ∩ P ∼= KS/KS ∩ P of the Rees factor monoid S′ =
S/S ∩ P is a prime ring. Note that since KS/P is a prime PI ring,
QclKS/P =MnD, with D a division algebra.
Let φ S′ → MnD be the natural monoid homomorphism and
S
′′ = φS ′ . It follows from the structure theorem of skew linear semi-
groups ([22]) that the monoid S
′′
has an ideal U contained in a completely
0-simple subsemigroup Û of MnD such that U is uniform in Û , the com-
pletely 0-simple closure of U . Furthermore, the nonzero elements of U
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are the elements of minimal nonzero rank of S′′. Let A be an abelian sub-
group of ﬁnite index in SS−1, the group of quotients of S. Let A
′′
be the
natural image of S ∩A in S ′′ .
Now we claim that Û is an inverse semigroup. Since Û is completely
0-simple, we can write Û = G I# P, where G is a maximal subgroup
of Û and P is the sandwich matrix with  #  rows and  I  columns. We only
need to show that each row and column of P does not contain more than
one nonzero element. Suppose pij = 0 and pik = 0. Since U is uniform, the
0-cancellative parts Uji = Ûji ∩U and Uki = Ûki ∩U of U are nonzero. Let
0 = uji ∈ Uji and 0 = uki ∈ Uki. Then unjiunki = 0 and unji unki ∈ A′′. By the
commutativity of A
′′
, we have unjiu
n
ki = unkiunji = 0. Therefore j = k. This
shows that each row of P contains exactly one nonzero entry. Similarly,
one shows that each column contains exactly one nonzero entry. So Û is
an inverse semigroup. Since the K-algebra generated by Û is contained in
MnD andMnD does not have an inﬁnite set of orthogonal idempotents,
it follows that  I  = #  = t <∞. If necessary, rearranging the entries of
P , we get Û = G t tE, where E is the identity matrix.
Let I
′ ⊆ S ′ be the inverse image of U under φ. Then
K0I
′  = (HK0φ−1H ∪ θ
where H runs through the set of intersections of U with the different
-classes of Û . Note that each φ−1H ∪ θ is a semigroup with zero
element θ and thus K0φ−1H ∪ θ is a contracted semigroup algebra
contained in K0S′. The sum is direct as K-vector spaces and we thus get
a Munn algebra pattern. So
R = K0I
′  = (1≤i j≤tRij
with each Rij = K0φ−1H ∪ θ for some H, and
RijRkl ⊆ Ril
Furthermore, as Û = G t tE,
φRijRkl = 0  for j = k
and because RijRkl is S-homogeneous,
RijRkl = 0 if j = k
We now show that K0I ′  is an essential ideal of K0S ′  and also that
K0I ′  is a prime ring. It then follows that K0S ′  is prime; i.e., KS ∩ P is
a prime ideal of KS.
To show that K0I ′  is an essential ideal of K0S ′ , it is sufﬁcient to
show that the right (respectively, left) annihilator of KI ′  in KS ′  is zero.
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Suppose K0I ′ x′ = 0 for some x′ ∈ K0S ′ . Let I be the inverse image of
I
′
in S and x an inverse image of x
′
in KS. So Ix ∈ KS ∩ P and thus
I suppx ⊆ S ∩ P. Since I is an ideal of S and I ⊆ S ∩ P , we have
suppx ⊆ S ∩ P. Therefore x′ = 0 as required.
Finally, we show that K0I ′  is prime. Now, note that, for each 1 ≤ i ≤ t,
there exists an-classH of Û so that
Rii = K0φ−1H ∪ θ = Kφ−1H
and φ−1H is a subsemigroup of S. The torsion-free assumption on the
group of quotients of S implies that KS is a domain (see for example [23,
Theorem 37.5]). Hence each diagonal component Rii is domain. Therefore,
to prove that K0I ′  is prime, it is sufﬁcient to show that R11JR11 = 0 for
every nonzero ideal J of K0I ′ . First we show that JR11 = 0. Suppose the
contrary; i.e., JR11 = 0. Then for any aij ∈ J, we get aijRR11 = 0.
Hence
aijI ′I ′11 = 0
Note that 0 = I ′I ′11 ⊆ S ′ . Now take a I I11 as inverse images of aij ∈
K0I ′ in KS and I ′ I
′
11 in S, then we get
aII11 ⊆ KS ∩ P
So
sII11 ⊆ S ∩ P for any s ∈ suppa
Since II11 ⊆ S ∩ P , we get s ∈ S ∩ P for any s ∈ suppa. Therefore a ∈
KS ∩ P and thus aij = 0. This proves that indeed JR11 = 0. Similarly,
if R11Raij = 0 for aij ∈ JR11, then aij = 0. Thus R11JR11 = 0, as
required.
(2) Let Q be a prime ideal of S. Then there exists an ideal P of KS
maximal with respect to the condition P ∩ S = Q. Clearly P is a prime ideal
of KS. By (1), KQ = KP ∩ S is a prime ideal of KS.
(3) Let P be a height-one prime ideal of KS with P ∩ S = . Then,
by (1), KP ∩ S is also a prime ideal. Since P has height one, we get
P = KP ∩ S. If P ∩ S is not minimal, then there exists a prime ideal
P1 ⊂ P ∩ S. By (2) KP1 ⊂ KP ∩ S is a prime, in contradiction with
P ∈ X1KS. Hence P ∩ S is a minimal prime ideal of S.
Corollary 1.3. Let S be a submonoid of a torsion-free abelian-by-ﬁnite
group and let K be a ﬁeld. If KS is Noetherian or if KS is a Krull order then
every prime ideal of KS which intersects S nontrivially contains a height-one
prime ideal. In particular, the height-one prime ideals of KS that intersect S
nontrivially are precisely the ideals of the form KP with P a minimal prime
ideal in S.
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Proof. Because of the assumptions and Lemma 1.1 every ideal of S
contains a central element of S and thus also a central element of KS.
If KS is Noetherian, then Theorem 1.2 and the Principal Ideal Theorem
imply that for every prime ideal Q of S, the ideal KQ of KS contains a
height-one prime ideal P with P ∩ S = . Again by Theorem 1.2, it then
follows that P = KP ∩ S with P ∩ S a minimal prime in S. This proves
the result in the Noetherian situation. On the other hand, if KS is a PI
Krull order then we know that every prime ideal contains a divisorial prime
ideal and hence contains a height-one prime ideal. So, as in the previous
argument, again the result follows from Theorem 1.2.
2. UNIQUE FACTORIZATION PI SEMIGROUP ALGEBRAS
In this section we investigate when a prime PI semigroup algebra KS
of a submonoid S of a torsion-free group is a unique factorization ring.
The main result in the previous section allows us to describe the situation
in terms of the arithmetical structure of S and that of KG.
For a monoid S we denote by NS the submonoid of normalizing ele-
ments n; that is, Sn = nS. An element p ∈ NS is called a prime element
of S if Sp is a prime ideal of S. By S we denote the subgroup of invert-
ible elements and by X1S the set of minimal prime ideals of S. Recall
([16]) that a monoid S is said to be a unique factorization monoid (abbre-
viated UF-monoid) if every prime ideal of S contains a prime element. In
the case S = NS and S is cancellative this corresponds with the notion
introduced in [8].
As in the ring case, for a proper ideal I of a monoid S we denote by CI
the set of elements of S that are regular modulo I.
Lemma 2.1. Let S be a submonoid of a group. Then,
(1) CpS ⊆ CpnS for every positive integer n and prime ele-
ment p of S.
(2) If p is a prime element of S and x ∈ NS with x ∈ pS, then
xS ∩pnS = xpnS, for any positive integer n. In particular, for any nonassociate
prime elements p1     pn of S and nonnegative integers a1     an,
p
a1
1 · · ·pann S = pa11 S ∩ · · · ∩ pann S
If, furthermore, S is a UF-monoid, then the following conditions hold.
(3) Every proper ideal of S contains a product of prime elements.
(4) For any prime element p ∈ S, ∩∞n=1pnS = .
(5) CS ∩NS = S, with CS = ∩P∈X1SCP
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(6) Let x be a noninvertible element of S, then there are only ﬁnitely
many nonassociate prime elements p of S such that x ∈ pS.
(7) Every noninvertible normal element of S can be written as a product
of prime elements.
Proof. (1) Let c ∈ CpS and suppose that c ∈ CpkS for some posi-
tive integer k. We must show that c ∈ Cpk+1S. Let s ∈ S and cs ∈ pk+1S.
Then cs ∈ pkS and thus s ∈ pkS. So s = ypk for some y ∈ S. Also
cs = zpk+1 for some z ∈ S. Hence cypk = zpk+1, and so cy = zp. But
c ∈ CpS implies y ∈ pS and hence s ∈ pk+1S, as required.
(2) Let n be a positive integer. Obviously xS ∩ pnS ⊇ xpnS. Con-
versely, suppose pna = xb ∈ pnS ∩ xS. By the assumption and part 1,
x ∈ CpnS. Thus b ∈ pnS and hence pna = xb ∈ xpnS as desired.
Parts (3), (4), and (5) can be shown as in the proofs of Theorem 2.3
and Proposition 2.4 in [16].
(6) Let x be a noninvertible element of S, then by (3) there are prime
elements p1     pn of S such that p1p2 · · ·pn ∈ SxS. Let p be a prime
element of S such that x ∈ pS. Then p1p2 · · ·pn ∈ pS and therefore pi ∈
pS for some i. Thus piS = pS. So there are only ﬁnitely many possibilities
for pS.
(7) Let x be a noninvertible normal element of S. Because of (4), for
each prime element p of S there is a positive integer n such that x ∈ pnS.
By (6) there only ﬁnitely many nonassociate prime elements p of S such
that x ∈ pS. From these two statements it follows that there are prime
elements p1     pn of S such that x = p1 · · ·pny, where y is an element
of S such that there is no prime element p of S with y ∈ pS. Since xpi
are normal, we have y ∈ NS. Moreover, y ∈ CS and thus y is a unit
by (5). Therefore x is a product of prime elements p1     pny.
Proposition 2.2. Let S be a submonoid of a group. Then the following
conditions are equivalent.
1. S is a UF-monoid.
2. Every ideal of S contains a normal element and every noninvertible
normal element of S can be written as a product of prime elements.
3. Every ideal of S contains a normal element, every irreducible ele-
ment in NS is prime in S, and S satisﬁes the ascending chain condition on
principal ideals generated by a normal element.
Proof. Part 1 implies Part 2. This follows from Parts 3 and 7 in
Lemma 2.1.
Part 2 implies Part 3. It is obvious that every irreducible element of
NS is prime in S. To show that S satisﬁes the ascending chain condition
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on principal ideals generated by a normal element, it is sufﬁcient to show
that, for any noninvertible normal element x ∈ S, there are only ﬁnitely
many principal ideals of S which contain x .
Let y be a normal element of S such that xS ⊆ yS. Because of the
assumption, there are prime elements p1     pn q1     qm of S such
that x = p1 · · ·pn and y = q1 · · · qm. It is routine to show that for each
1 ≤ j ≤ m there exists an i, 1 ≤ i ≤ n, such that qjS = piS. So (3) follows.
Part 3 implies Part 1. Let P be a prime ideal of S. Then P contains a
normal element of S, say n. First we show that n is a product of irreducible
elements of NS. Note that, by assumption, S satisﬁes the ascending chain
condition on principal ideals generated by a normal element. Hence NS
satisﬁes the ascending chain condition on principal ideals. It follows easily
that each element of NS is a product of irreducible elements (see for
example [8]). Therefore n is a product of irreducible elements of NS,
and thus by the assumption n is a product of prime elements of S. Hence
there exists one contained in P .
Because of Lemma 1.1, if S is a submonoid of a torsion-free abelian-
by-ﬁnite group then every ideal of S contains a normal element. Thus we
obtain the following corollary.
Corollary 2.3. Let S be a submonoid S of a torsion-free abelian-by-ﬁnite
group. Then the following conditions are equivalent:
1. S is a UF-monoid.
2. Every noninvertible normal element of S can be written as a product
of prime elements.
3. Every irreducible element in NS is prime in S and S satisﬁes the
ascending chain condition on principal ideals generated by a normal element.
Lemma 2.4. Let S be a submonoid of a torsion-free abelian-by-ﬁnite group
and let K be a ﬁeld. If S is a UF-monoid then for any 0 = f ∈ KS there
exist n ∈ NS and f1 ∈ KS so that f = f1n and f1 ∈ pKS for any prime
element p of S.
Proof. Let f ∈ KS. If suppf  ⊆ Sn1, with n1 ∈ NS, then f = f1n1
for some f1 ∈ KS. Repeating this argument we get normal elements
ni ∈ NS and fi ∈ KS so that fi = fi+1ni+1. If for some i the ideal
generated by suppfi is not contained in any Sn with n ∈ NS \ S,
then f = fini · · ·n1 and fi ∈ KSp for any prime element p ∈ NS, as
desired. So assume that the previous does not hold for any i; i.e., for any
i the normal element ni is not a unit. Now the ideal of S generated by
suppf  contains a central element z. So z ∈ Sn1n2 · · ·nk for any positive
integer k. Because of Proposition 2.2 the element z can be written uniquely
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(modulo inverses) as a product of prime elements. But since also each ni
is a product of prime elements this yields a contradiction.
An element f1 ∈ KS that does not belong to any KSp, with p a
prime element of S, is called a homogeneous primitive element (or, simply,
an h-primitive element).
For a submonoid S of a torsion-free abelian-by-ﬁnite group we know
from Theorem 1.2 that any prime element p ∈ S is also a prime element
in KS. Also from Lemma 2.1 we obtain the following facts.
1. CpKS ⊆ CpkKS for any prime element p ∈ S and any
positive integer k.
2. If p is a prime of S and x is a normal element of S with x ∈
pKS, then xKS ∩ pmKS = xpmKS for any positive integer m. So,
if p1     pn are nonassociate prime elements of S, then p
t1
1 · · ·ptnn KS =
p
t1
1KS ∩ · · · ∩ ptnn KS.
3. If, furthermore, S is a UF-monoid and h is an h-primitive element
in NKS, then h ∈ CwKS for any noninvertible w ∈ NS.
Let S be a submonoid of a torsion-free abelian-by-ﬁnite groupG. We now
determine when KS is a (PI) UFR with trivial central class group, that
is, a UFR with all height-one prime ideals generated by a central element.
We actually prove a more general theorem. To state this we ﬁrst recall the
following notion. A nonzero element r ∈ KG is called a semiinvariant if
there exists a λ ∈ HomGK∗ so that gr g−1 = λgr for each g ∈ G. (λ
is called the weight of r.) Also recall that Chatters in [4] proved that KG
is a UFR if and only if G satisﬁes the ascending chain condition on cyclic
subgroups.
Theorem 2.5. Let S be a submonoid of a torsion-free abelian-by-ﬁnite
group. Let G be the group of quotients of S. If KS is a UFR then KG is
a UFR. Conversely, if S is a UF-monoid and KG is a UFR such that every
height-one prime ideal is generated by a semiinvariant, then KS is a UFR.
Proof. Because of Lemma 1.1, the group algebra KG is the localiza-
tion of KS with respect to the central Ore set ZS. Hence, for any prime
ideal Q of KG, the intersection Q ∩KS is a prime ideal in KS. It then
easily follows that KG is a UFR if KS is a UFR.
Conversely, assume S is a UF-monoid and KG is a UFR such that
every height-one prime ideal is generated by a semiinvariant. We show that
KS is a UFR. Let P be a prime ideal of KS. We have to prove that P
contains a principal prime ideal. In case P ∩ S =  then, by Theorem 1.2,
KP ∩ S is also a prime ideal of KS. By assumption, S is a UF-monoid.
Hence the prime ideal P ∩ S of S contains a prime element p ∈ S. Again
by Theorem 1.2, KSp is a prime ideal of KS contained in P .
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So we now consider the case that P ∩ S = , and thus PKG = KGP
is a prime ideal of KS so that PKG ∩KS = P . Since KG is a UFR,
the prime ideal PKG contains a prime element q of KG. By assump-
tion, choose q as a semiinvariant. Then gqg−1 = λgq for any g ∈ G and
some λ ∈ HomGK∗. Moreover, qKS = KSq. Because S is a UF-
monoid, we obtain from Lemma 2.4 that q = hst−1 for a homogeneous
primitive element h ∈ KS, s ∈ NS, and t ∈ ZS. Hence KGh =
KGqts−1 = qKGts−1 = qKG = hKG and KSh = KSqts−1 =
qts−1KS = hKS. Now we show that hKG ∩KS = hKS. Hence it
follows that hKS = KSh is a prime ideal contained in P , as required.
So let x ∈ hKG ∩KS, then x = hyn−1 with y ∈ KS and n ∈ ZS.
So xn = hy. As h is a normal h-primitive element in KS it follows from
the third remark before the theorem that y = y ′n for some y ′ ∈ KS. So
x = hy ′ ∈ hKS. So indeed hKG ∩KS = hKS.
If in the above theorem G also is ﬁnitely generated, then by Brown’s
result KG is always a UFR. If, furthermore, the ﬁrst cohomology group
H1G/CGG G is trivial, then Wauters showed in [24] that every
height-one prime of KG is generated by a semiinvariant. So, in this case it
follows that KS is a UFR provided that S is a UF-monoid. The converse
holds if all units in KG are trivial; that is, all units in KG are of the
form kg with 0 = k ∈ K and g ∈ G. Although it is conjectured to be always
the case, it is still an open problem whether indeed KG only has trivial
units. In the case G is a right-ordered group then it is well known and easy
to show that the conjecture holds.
Corollary 2.6. Let S be a submonoid of a torsion-free abelian-by-ﬁnite
group. Let G be the group of quotients of S and assume that all units of KG
are trivial. If KS is a UFR, then the following conditions are satisﬁed:
1. S is UF-monoid.
2. G satisﬁes the ascending chain condition on cyclic subgroups.
Proof. Because of Theorem 2.5 it is sufﬁcient to prove that if KS is
a UFR, then S is a UF-monoid. Now from Corollary 4.14 in [6] we obtain
that KS satisﬁes the ascending chain conditions on one-sided ideals gen-
erated by a regular element of KS. Hence S satisﬁes the ascending chain
condition on principal ideals generated by a normal element. So, because
of Lemma 2.2 it remains to show that if n is an irreducible element in
NS, then n is prime in KS and thus in S. Since KS is a UFR and
because of Lemma 3.4 in [6], it is actually sufﬁcient to show that n is irre-
ducible in NKS. This is proved as in [16] and relies on the fact that
KG has only trivial units. Because of the shortness we include the argu-
ment. If n = αβ with αβ ∈ NKS then αβ are units in KG. There-
fore  suppα =  suppβ = 1 and thus αβ ∈ S ∩NKS = NS.
128 jespers and wang
The irreducibility of n in NS implies that α or β is a unit in S and
thus in KS.
In general it remains an open problem whether the two conditions listed
in Corollary 2.6 are necessary and sufﬁcient for KS to be a UFR. How-
ever, we now state a solution to the problem under the extra assumption
that the central class group is trivial.
Corollary 2.7. Let S be a submonoid of a torsion-free abelian-by-ﬁnite
group. Let G be the group quotients of S. Then, KS is a UFR with all height-
one prime ideals generated by a central element if and only if S is a UF-monoid
with all minimal prime ideals generated by a central element and KG is a
UFR with all height-one prime ideals generated by a central element.
Proof. Because of Theorem 2.5 (and its proof) we only need to show
that if KS is a UFR with all height-one prime ideals generated by a central
element then S is a UF-monoid with all minimal primes generated by a cen-
tral element. Again, as in the proof of Theorem 2.5, it is sufﬁcient to show
that every irreducible element s ∈ NS is irreducible in NKS and cen-
tral in KS. Since s is a normal element and KS is a UFR with all height-
one prime ideals generated by a central element, write s = pn11 · · ·pnkk for
some central prime elements pi of KS. Clearly KG = KGs and thus
each pi is a central unit in KG. Obviously, pi ∈ KG. Since G is
a torsion-free abelian group (and thus ordered), each pi is a trivial unit.
Hence pi = kixi for some ki ∈ K and xi ∈ ZS. Thus s = xn11 · · ·xnkk and
each xi ∈ ZS. The irreducibility of s in NS implies that s = x1. So,
indeed, s is central in KS and is irreducible in NKS.
In the case S is a normalizing monoid, that is, S = NS, then we have a
complete solution to the UFR problem.
Proposition 2.8. Let S be a normalizing monoid (i.e., S = NS) with a
torsion-free abelian-by-ﬁnite group of quotients G. Then the following condi-
tions are equivalent:
1. KS is a UFR,
2. KG is a UFR and S is a UF-monoid,
3. S satisﬁes the ascending chain condition on cyclic subgroups and
S/S is an abelian UF-monoid.
Proof. That (1) and (2) are equivalent is proved similarly as in the proof
of Theorem 3.5 in [16].
We now prove that (2) and (3) are equivalent. Since S = NS we know
that S is a UF-monoid if and only if S/S is abelian UF-monoid; that
is, S/S is a free abelian monoid. Since a free abelian group satisﬁes
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the ascending chain condition on cyclic subgroups, G satisﬁes the ascend-
ing chain condition on cyclic subgroups if and only if S satisﬁes the
ascending chain condition on cyclic subgroups. Hence the result follows.
The above results relate the unique factorization property of a semi-
group algebra KS to the cancellative submonoid of nonzero normalizing
elements of KS. In [19] Jordan investigated this relationship for arbitrary
prime rings that are unique factorization rings. It is shown that this rela-
tionship is not as strong as one might hope for. Indeed, an example is given
of a Noetherian prime ring R so that all nonzero ideals contain a nonzero
normal element (that is, R is conformal) and the nonzero normalizing ele-
ments of R form a UF-monoid; however, R is not a UFR.
3. EXAMPLES
In [10] Gateva-Ivanova and Van den Bergh introduced the class of type-
I monoids. A special subclass is that of the binomial monoids. These are
studied in [14] and are deﬁned as monoids S = x1     xn, generated
by a ﬁnite set x1     xn and subject to precisely nn − 1/2 quadratic
relations (one for each n ≥ j > i ≥ 1)
xjxi = xi′xj′
satisfying the following conditions:
B1. i′ < j′ and i′ < j;
B2. as we vary i j, every pair i′ j′ occurs exactly once;
B3. the overlaps xkxjxi = xkxjxi = xkxjxi do not give rise to
new relations in S.
In [10, 14] it is shown that the semigroup algebra KS shares several
properties with commutative polynomial algebras. In particular, they are
Noetherian PI domains that are a maximal order and S is a UF-monoid.
Also, G is a ﬁnitely generated torsion-free abelian-by-ﬁnite group and thus
Theorem 2.5 implies at once the following result.
Corollary 3.1. Let S be a binomial semigroup and K a ﬁeld. Let G be
the group of quotients of S. Then KS is a unique factorization ring provided
that H1G/CGG G = 1.
If G/CGG is a cyclic group of order n with generator g, then
it is well known that (see for example [9]) H1G/CGG G =
GT /IG where GT consists of all elements a of G such that
a · ag · ag2 · · · agn−1 = 1 and IG consists of all elements of form a−1 · ag
for any a ∈ G. With this description it is then easily veriﬁed that the
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following three examples of binomial semigroups satisfy the triviality of the
mentioned ﬁrst cohomology group and hence yield examples of PI unique
factorization algebras.
Example 3.2. The monoid algebra of each of the following binomial
monoids is a PI Noetherian UFR:
1. S1 = x1 x2 x3 subject to the relations x1x2 = x2x1, x3x1 = x2x3,
and x3x2 = x1x3; G = x1 x2 x23.
2. S2 = x1 x2 x3 x4 subject to the relations x1x2 = x2x1, x3x1 =
x2x3, x4x1 = x2x4, x3x2 = x1x3, x4x2 = x1x4, and x4x3 = x3x4; G =
x1 x2 x23 x24 x3x4.
3. S3 = x1 x2 x3 x4 subject to the relations x2x1 = x1x2, x3x1 =
x2x4, x4x1 = x2x3, x3x2 = x1x4, x4x2 = x1x3, and x4x3 = x3x4; G =
x21 x22 x1x2 x23 x24 x3x4.
Finally, we show that via semidirect products one easily can construct
non-Noetherian examples of unique factorization semigroup algebras that
are PI. Indeed, let H be a torsion-free abelian group such that KH is
a UFR but is non-Noetherian. Let ϕ be an automorphism of H of ﬁnite
order and deﬁne the monoid
S = Hϕzn  n ≥ 0
That is, as a set S is the direct product of the group H and an inﬁnite cyclic
monoid, and the product is deﬁned as
h1znh2zm = h1ϕh2nzn+m
It follows that S is a normalizing monoid with a group of quotients G that is
torsion-free abelian-by-ﬁnite. As S/H is inﬁnitely cyclic, it follows that S is
a UF-monoid. Since KG is a UFR we get from Proposition 2.8 that K[S]
is UFR.
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